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A BASIC APPROACH TO THE EVALUATION OF
RISKY INTFRRELATED INVESTMENTS
by
Frederick S. Hillier

1. Introduction

When evaluatinug proposals for capital investment, it often is
necessary to consider interrelationsh.ps of various kinds between the
projects. For example, some projects may be complementary, such as
those which would benefit in common from the facilities that would
need to be provided for any one of them. Some proposals may even be
necessarily contingent on undertaking one or more prerequisite projects
or on the occurrence of particular favorable conditions. Certain
proposals may instead be mutually exclusive in that they involve
different ways of performing the same service. Other proposed invest-
ments may at least be competitive in the sense that undertaking one
reduces the benefits that would result from also undertaking any of
the others. Furthermore, some or all cof the proposals may need to
compete for certain limited resources such as capital, manpower, and
facilities.

Fortunately, considerable progress has been made in recent years
in developing ways of taking these interrelationships into account.
Of perticular note is Weingartner's comprehensive work [17] on applying
mathematical programming to the analysis of such capital budgeting

%

problems.—~ All of the interrelationships discussed above usually cen

i/ Also see the survey paper by Weingartner [16].
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be formulated quite conveniently in either a linear or nonlinear pro-
gramming format, so this provides a powerful tool for the analysis of
interrelated projects.

Another crucial factor to consider when evaluating proposed invest-
ments is the element of risk. Unfortunately, risk is a relatively
difficult factor to deal with in an explicit, quantitative fashion.
However, Hillier (8] has introduced the concept of analyzing the various
individual determinants of project worth and estimating the most likely
outcome and degree of uncertainty associated with each in order to
obtain the overall probability distribution of a measure of merit for
the investment (e.g., distribution of internal rate of return), and
then using this distribution as a basis for management's evaluation
of risk.g/ He also presented an analytical approach for developing
this distribution. Hertz [4] then pointed out that computer simulation
also could be used to develop this same information. This approach
to risk analysis has been adopted quite widely during the last few
years.

Thus, by using the approaches mentioned above, it is now possible
to deal separately with (1) the effect of interrelationships between
proposed projects, and (2) tne evaluation of the risk associated with
individual investments. However, this does not answer the question of
how to simultaneously take both considerations into account in order to
choose the best overall combination from the groun of proposed invest-
ments. Is it possible to combine the two approuches in some reasonable

way to accomplish this?

g77Also see [7] and [10].




Unfortunately, this kind of extension usually would not be parti- ,i
cularly feasible with the simulation approach to risk analysis. As |
the author points out elsewhere [9, pp. 84f.], this approach "has a
number of serious disadvantages which make it poorly suited for the
analysis of risky interrelated investments. One of the lesser of
these is that simulation is inherently an imprecise technique, even
with respect to the model used, since it provides only statistical
estimates rather than exact results. In other applications, these
estimates commonly are of the mean of a distribution, in which case
the ones yielded by the usual computer run sizes tend to heve a low
but tolerable precision. However, estimates of probability distribu-
tions are considerably more crude, especially when a tail of the dis-
tribution is critical, as is the case here. Estimates of differences
between alternatives also are at least as imprecise. Furthermore,
simulation is a cumbersome way to study a problem, since it requires f
developing the model and input data, and then doing the computer pro-
gramming and executing the computer runs. However, perhaps the most
critical disadvantage is that simulation yields only numerical data !
about the predicted performance of investments, so that it yields no
additional insight into cause-and-effect relationships. Therefore,
every slightly new case must be completely rerun. This, in addition
to the imprecision, tends to make it impossible to conduct a satis-
factory sensitivity analysis. An even more serious implication is
that a new simulation run is required for each combination of inter-

related investments under consideraticn. 3Since even one run of

acceptable length is expensive, and there may be thousands or even




millions of fefsible combinaticns, this too would tend fo be pro-
hibitively expensive. F¥inally, even if one were adle to cbtain a
crude estimate ot the prebubllity distribution of present value for
each of these feasibie combinstions, the simulation approach provides
no guidance on how to use 2ll of ithese masses of data in order to
select the investments to be approved.”

On the other hand, the analytical approach to risk analysis is
relatively well-suited for extension to the case of interrelated
investments. 1In fact, it can be incorporated directly intc 2 mathe-
matical srogramming format. One way of doing this is by means of a
chance-constrained programming formulation. This method has been
explored in some depth by Byrnes, Charnes, Cooper, and Kortanek [1,2],
Meslund [13,14], Hillier {5; 9, Ch. 7], and others. An alternative
approach which may provide a more fundamental and precise evaluation
of the overall merit of the set of approved investments also has been
developed by Hillier [9] in & companion volume. This method uses
present value (treated as a random variable) and expected utility of
present value as cr:teria in order to choose the best overall combi-
nation from the groap of proposed investments.

In this companion volume [9], the investigation begins by deriving
properties that characterize an optimal combinatior of investments. A
model is then developed for describing the interrelated cash flows
generated by a given set of investments, This model would be used
for determining the mean, variance, and possibly the functional form

of the probability distribution of present value. The question of

when this distribution would be normal or approximately normal (even
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when the distributions of the individual cash flows are not) is explored
in detail. Next, several convenient models of utility functions having
desirable properties are formulated. For each, an expression is derived
for calculating the expected utility of approving any particular combi-
nation of investments. Given these results, an approximate linear
programming approach and &n exact branch-and-bound algorithm are
developed for determining the best combination. HNumerous suggestions
regarding the practical implementation of the theory and procedures

also are given.

The purpose of this paper is to focus on a particular basic model
from [9]2/ that seems to be particularly well-suited for practical use,
and to elaborate further on how to formulate and apply it. However,
rather than repeating most of .the technical details involved in
developing this model and its supporting theory, the emphasis here is
on motivating, identifying, and interpreting the basic structure of
the model. Thus, this is to be & relatively nontechnical expository
treatment.&/

In pursuit of this objective, the next section develops the
portion of the r vdel designed for considering interrelationships
between investments. Sectiorn 3 then introduces the evaluation of risk
into this framework. Section 4 reviews sclution procedwr»s for this
model that were developed in [9] for seeking the best combination of
investmaents. Computational experience with these procedures is

outlined in Section 5, with conclusions given in Sectiocn 6.

éj’See primarily Sections 1.6, 5.2, 5.3, 5.4, and 6.1,
é/ For ease of exposition, the problem is discussed in terms of a
business firm which currently has & number of opportunities for major
capitel investments or projects to be considered by top menagement.
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2. A Model for Considering Interrelationships

Suppose that a number of proposals for capital investment have :
been submitted to management for their consideration. As discussed
above, it is likely that some of the proposed projects are interrelated
in one or more significant ways. Therefore, it is important to recog-
nize the nature of these interrelationships and to take their effects
into account in the analysis. A model for doing this is developed
below, ]

The first assumption is that all decisions to be made are of the
"yes-or-no” rather than the "how much" type. Thus, the kind of invest-

ments being considered are capital projects to be approved or rejected

rather than, for example, common stock where the decisions are how
many shares of each type to purchase.é/ However, it should be empha-
sized that "investment decigion" may be defined in a broad sense here
so ag to include varisus investment strategy possibilities. Thus, in
addition to a flat approval or rejection of a project, other alterna-
tives such as "postpone the investment for a year" or "try a pilot

run first” may alsc be considered by treating all of the possibilities
as mutually exclusive investments to be approved or rejected. Similarly,
several alternative levels at which to undertake & project may be
ireated as mutually exclusive investments. Furthermore, alternative
strategies, such as "try project A for a year and then switch to

project B if the losses are more than x dollars” for several different

values of x, &.so are mutually exclusive investments which may be

EfrThe latter problem of portfolic selection has been analyzed effec-
tively by Msrkowitz {12] and others.




contingent upon certain other decisions (such as not undertaking project
B immediately). As these examples illustrate, confining the analysis

to yes-or-not decisions need not be particularly restrictive in a
capital budgeting context.

Now consider how to begin formalizing the problem mathematically.
Surpose that all of the interesting possible investment decisions, in
the broad sense described above, have been identified. Let the number
of such investment decisions he denoted by m. Then introduce a
decision variable Sk for each of the decisions, where the variable

is assigned a value of one or zerc according to whether a decision is

yes or no. Thus,

1, if the kth investment is approved

& =
k 0, 1if the kth investment is rejectei ,

for k= 1,2,...,m. Tet B = (51,6 Sm). Hence, a "solution" to

SYEREY
this capital budgeting problem corresponds to a particular value of §
where each of the components is either zero or one. However, not all
combinaticus cf zeroes and ones need be a "feasible" solution. Thus,
if a particular grouv of investmwents are mutually e#clusive, then the
constraint,

Y8 <1,
keK k

must be satisfied, wnere the summation is over the indices corresponding
to the set K of these mutually exclusive alternatives. One such

constraint would need to be imposed for each set of mutually exclusive

investments. Any other restrictions also must be laken into account.
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For example, if investment Jj 1is contingent upon investment i Dbeing

approved, this can be expressed by the constraint,

8, <8

since then Sj can equal one only if Bi is equal to one. It is also
common to have budget restrictions whereby the total outlay for all
approved projects during a certai; »2riod or periods must fall within
prescribed limits. Similarly, limitatioas on required resources such
as labor and materials may rule out certain combinations of investments.
These and similar restrictions usually can be expressed conveniently
in a mathematical programming format, as described in some detail by
Weingartner [17, Sections 2.3, 3.6, 3.7, 7.1, 7.2].

In order to systematicalliy determine which particular feasible
solution % 1is optimal (with respect to the model being developed) .
it Is necessary to quantify the effect of a choice of 5. 1In very
gensral terms, the basic effect of apprcving a particular combination
of investments is to generate a stream of cash flows or imputed cash
flows. TImmediate cash outlays (negative cash flows) normally are
required for the investments, and such outlays may need to be contirued
for some period of time. The paroff then comes in the form of income
fvositive cash flow) over some interval or instant of time, or in the
form of other benefits of real value to the investors. 1In order to
have a common measure for these conseguences, the other benefits will
be measured in terms of their equivalent cash value (positive imputed

cash flow\.é

3/ Hereafter, the term "cash flow" will be taken to encempass both real
cash flow and impuled cash fliow.
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For purposes of anslysis, the future is divided into time periods
of convenient length (e.g., & year). Let n be the maximum number of
periods into the future in which significant cash flows may occur
because of the investments. Immediate cash flows are considered to
take place in period 0. Thus, it is necessary to analyze what the
cash flows will be in periods 0,1,2,...,n. Let Xj(§) be the total
net cash flow (total positive cash flow minus total negative cash flow)
during time period J that would result from making the particular
decision & (J = 0,1,...,n).

t is important to recognize two facts about the nature of the
xj(g). The first is that the cash flow stream resulting from & decision
& 1is actually an aggregation of many distinct cash flow streams, some
of which are interrelated in various ways. Fach individual investment
approved generates a cash flow stream, which may itself be an aggre-
gation of cash flow streams from a number of sources representing the
different kinds of outlays or incomes for the investment. However, the
numerical values associated with the individual cash flow streams may
be affected significantly by the others. Tt is the analysis of these
interrelationships between the components of the aggregated cash flow
stream that forms the basis for the model developed in this section.

The second crucial property of the Xj(g) is that, when dealing

with risky investments, they normally are random variables rather than

constants (with the probable exception of X (8)). It is inherent in

0

the nature of risky investments that there is considerable uncertainty

about their outcomes. Thus, a decision & can result in the total

net cash flow during pericd |j being any one of many different possible




values, depending on intervening circumstances. Therefore, the value
that xJ. (5) will actually take on can only be described in terms of
a probability distribution.

Thus, the direct impact of a decision ® is that an aggregate
cash flow stream is generated from the joint probability distribution
of XO(§),X1(§),...,Xn(§). In order to evaluate a particular &,
and to choose between alternative feasible values of 8, it is
therefore necessary to evaluate the desirability of different cash
flow streams. Although various measures of desirability have been
used in practice, there is considerable theoretical support for using
discounted cash flow methods and particularly the present value method.
The latter criterion is the one adopted here. Thus, let i be the
rate of interest, normally the market cost of capital, which properly
reflects the investor's time value of money.Z/ Then let P(§) be
the total net present value of the investments approved by 5, so
that
X, (3)
l+1)j .

P(3) = E}
3=0 (

Since the Xj(§) are net cash flows (income minus outlays) for the
respective periods, P(®) thereby represents the profit (if positive)
or loss (if negative) from the approved investments after discouniing
for the time value of the money invested.

I. should be emphasized that, since the Xj(g) are random

variables, P(8) also is a random variable. When a set of risky

177This interest rate may be set at different values in different
periods if desired.
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investments is approved, it is not definitely known in advance whether
they will result in a large loss or a large profit or something in
between. Therefore, "the" present value P(8) that will result from
a decision & can only be represented in terms of a probability dis-
tribution over its range of possible values, as shown in Figure 1.
When only a single investment is being evaluated, the essence of
the risk analysis approach proposed by Hillier [8] and Hertz [4] is
to develop such a probability distribution (for either present value or
another measure of merit) and then to analyze this "risk profile" in
order to conclude whether the amount of risk is acceptable or not.
Tf the degree of risk represented by the probabilities and magnitudes
of possible losses is sufficiently small relative to the values of
these quantities for the possible gains, then the investment would be
approved. For the problem now under consideration, where many inter-
related investments need to be evaluated simultaneously, the purpose
of the analysis changes somewhat. Rather than assessing whether a
particular risk profile is "acceptable," the main objective becomes
to identify the "best" obtainable risk profile. 1In effect, the goal
is to determine which combination of investments provides the "best"
probability distribution of P(§), considering both the possibilities
of losses and of gains. An approach to making this kind of choice
between alternative probability distributions is developed in the
next section. Meanwhile, the question remains of how to analytically
determine the probability distribution of P(§) for any given value
of &, taking into account the role played by the various kinds of

interrelationships between the approved investments. This is the

11




Figure 1. A typical probability distribution of P(3).
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question that will be explored throughout the remainder of this
section.

Before considering interrelationships between investments, it is
necessary to investigate the individual investment proposals by them-
selves. Thus, the first step in determining the distribution of P(§)
is to consider each investment in isolation, analyzing what its
performance would be if it were the only one approved (except for
any necessary predecessors). To illustrate, consider a typical invest-
ment k {(k - 1,2,...,m) in isolation. This investment generates one
or more cash flow streams from its sources of outlays or incomes.
Denote the present value of the aggregation of these cash flow streams
(when no other investments are made) by Pk‘ If this investment has
any risk associated with it, then Pk actually is a random variable
having some underlying probability distribution. Therefore, the cash
flow streams should be analyzed in order to estimate at least the mean
My and variance ai of this distribution.é/ The expected present
value Py is merely the sum of all of the expected discounted cash
flows over the respective time periods (0,1,...,n). Determining the
variance ci is somewhat more difficult, particularly because some

J the cash flows may be correlated. One fairly likely kind of corre-
lation is between cash flows from the same source in different periods.
For example, it is quite common that if an investment performs con-

siderably better (or worse) than expected in the early periods, then

it will tend to also perform better (or worse) in subsequent periods

§/ The estimation of these and other parameters of the model is dis-
cussed at the end of the section, and references giving practical
estimating procedures are cited.
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than had been expected inmitialiy. The degree of this tendency can be
measured by the corrclation coefficient between the cash flows in at
least consecutive time periods (as described further in [9, Sec. A.2]).

) . 2 | . .
Some models for calculating o, in such cases are described in [8]

k
and illustrated in [10). The second (and perhaps less likely) kind of
correlation is between different cash flow streams. The approach in
this case is completely analogous to that described subsequently for
considering the correlation between the aggregate cash flow streams of
different investments in order to calculate the standard deviation of
p(s).Y

Suppose that one has estimated the mean “k and variance ci of
the present value Pk of investment k, assuming it is the only
investment approved, for =ach k = 1,2,...,m. If there were no inter-
relationships of any kind between the investments, it would then be
necessary only to add these values for the approved investments in
order to find the mean and variance of P(3). However, the presence
of certain kinds of interrelationships can invalidate this simple
additive relationship. C(onsider first how this can happen with the
mean because of complementary or competitive effects. Two investments
may be complementsry because they would share common costs or be

mutually reinforcing in generating income. Therefore, even if either

investment by 1tself would b: unattractive, the combination of the two
investments togetr.2,r might be wvery worthwnile. Conversely, two com-
petitive investments might be very attractive on an individual basis, but
sti1l be very undzsirabi. 1n combination  In both cases, what is happening,

1n efflect, 1 that the pr_osent value of both investments together is

z
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something different than the sum of the present values that each would

attain if the other were not approved. Thus,
m
P(3) = ké‘)l P8, *+h(8)

where the function h(8) is the net amount by which P(8) needs to

be adjusted due to complementary or competitive interactions between
the approved investments. In general, it is possible to have the
amount of & complementary or competitive effect be a random variable
rather than a constant, and to have some of the interactions involve
more than two investments simultaneously in a complicated way. However,
for simplicity, the model here assumes that all these effects are both
deterministic and "pairwise additive," so that any joint effect
involving more than two investments is merely the cumulation of the

pairwise effects. As a result,

s =
tvse

h(8) = R 8.8
= 1 ka1 KK
kfd

J

where (p.Jk + ukj) is the net addition (positive or negative) to total

present value due to complementary or competitive interactions (if any)

between investments j and k if both are made. Although only the
sum (“jk + “kj) is relevant, the convention is adopted here that

L., = M, .y SO W represents investment Jj's "equal share" of this
Jjk Tk Jk

effect. Thus, whereas “j or W, would be the individual contribu-

tion to expected total present value of investment Jj or k made by

itself, their joint contributions become (uJ + ujk) and (pk + “kj)

if both are approved. Each investment j may have a nonzero

17




complementary or competitive interactvion g, jk with more than one
investment k. Therefcre, letting u(8) denote the expected value

of P(8), this quantity becomes simply

m
ne) - j?l E uJk k J '

kfj

No% consider how to find the varianc of P(§), which will be
denoted by 02(§). Since h(8) is assumed to be deterministic in the
expression for P(d) given above, complementary and competitive inter-
actions have no effect on this variance. However, there may well be
other kinds of interrelationships betw2en the investments that affect
the amount by which the realized value of P(3) deviates from its
expectation. In particular, any common factors that help determine
the actual performance of the investments relative to cxpectations
are of this kind. These factors may be internal to tne firm, such as
the ou;come of labor negotiaticns or the time at which resources from
an ongoing project will bcecome available for reallocation. However,
the most important factors probably are exogenrous, such as the geaeral
state of the economy or advances made by competitors. If{ thers are
any such factors that may exert a general influ-..ce on the performance
of some of the investments, the consequence is that the Pj (i =
1,6,...,m) would be correlated rather than statistically independent.
Tet pjk denote the correlation between P, aand Pk’ and let

3

ojk = pjkcjok be the corresponding covariance. Therefore, assuming
that estimates of these paramctoers can be obtained (as will be dis-

2 .
cussed shortly), o (8) can be caiculated simply as




P e

02(6):% 02.+§_‘,c.8. 5, .
RS RS
k#j

Given the mean p(g) and variance 02(§) of total present value
P(§), the only remaining question regarding the probability distri-
bution of this random variable is its shape (functional form). Cne
simple case is where the Pj are normally distributed (i.e.,
Pl’PQ""’Pm has a multivariate normal distribution), so that the
sum yielding P(§) also has a normal distribution. Unfortunately,
the distribution of the Pj often would differ significantly from
normal, and most other distributions are not preserved under addition.
The nature of risky invesiments is such that their distributions fre-
quently are skewed to the left, as depicted iu Figure 1, or even
bimodal. In such cases, it is not possible to draw any conclusion
as to the exact functional form of the distribution of P(§). However,
there is a good chance that an approximate answer can be given. To
motivate this, recall that P(§) is the discounted aggregation of
many different cash flow streams, with perhaps several such streams
being generated by each of the approved investments. Then recall that
the (entral Limit Tueorem indicates that, when summing random variables
having distributions other than normal, the distribution f this sum
still approaches a normal distribution under certain conditions. The
conditions required actually are not very stringent. Although the
most commonly known version of the Central Limit Theorem requires that

the random variables be independent and identically distributed,

various other versions also exist where one or both of these assumptions

17
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-n.'
can be replaced by much weaker conditizas.=~ This has two important

implications for the current model. ¥irst, sirce the present value of
each individual cash flow streaa is the (discounted) sum of the cash
flow random variables for the respective periods, its distribution
actually may be much closer to normal than would have been expected
from the perhaps highly skewed or bimodal distributions for these
random variables. Second, except for the constant h(8) term, P(3)
is the sum of the present value random variables for the individual
cash flow streams generated by the approved investments. Therefore,
the distribution of P(8) may itself be much closer to normal than
would have been expected from the distributions of the individual
present values. For these two reasons, it often would be a reasonable
approximation to take the distribution of P(®) to be normal, even
when the distributions for individual cash flows are far from normal.

Therefore, if it is feasible to estimate the narameters of the
model (the Bys By 0?, and Ojk)’ then the problem of how to
identify the probability distribution of present value P(§) for any
given feasible solution 8 1is at least partially solved. The mean
u(d) and variance 02(§) can be calculated by the expressions given
above, and the form of the distribution can perhaps be concluded to be
approximately normal. As will be seen later, this much information
about the distribution is adequate for the required analysis.

Hence, it is crucial to be able to estimate the parameters of

the model. Actually, this is not as imposing a task from a technical

19/ These versions are presented and discussed in detail in the
companion volume [9, Sec. 4.2].
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standpoint as it might appear. The companion volume [9, App.] describes
simple estimating procedures whereby personnel without technical back-
grounds can provide the needed information, which can then be converted
into the desired estimates. The basic approach is patterned after PERT.
Thus, Section A.1l of [9] proposes obtaining not one but three estimates
for each cash flow, namely, a "most likely" estimate, an "optimistic"
estimate, and a "pessimistic" estimate. These three estimates can then
bte converted into estimates of the mean and variance of the cash flow.
Section A.2 presents & useful model for correlation patterns between
cash flows in different time periods and between different cash flow
streams. Section A.4 indicates how the three-sstimate approach can be
extended in order to construct estimates of correlation coefficients.
Combining these tools leads to the desired estimates of the uj, U?,

and o,

3k by only obtaining other readily comprehendable types of

estimates. Section A.6 discusses the estimation of complementary or
competitive effects (for a more complicated model). For most purposes,
it should be adequate to use only "most likely" estimates in order to
construct the desired estimates of the “jk'

Thus, the model for considering interrelationships presented in
this section allows one to systematically identify (at least in part)
and compare the probability distribution of present value P(8) for
the various feasible solutions &. The next question that needs to
be addressed is how to assess the element of risk in making these
comparisons. A model for this purpose is developed in the next

section.

19
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3. ﬁ_ﬂodel for Considering Risk

Suppose that the probability distribution of present value P(B)
has been identified for a number of different fessible solutions 5.
For example, two such distributions are shown in Figure 2, one corres-
ponding to a fairly conservative set of investments and the other to a
relatively risky set. It is somevhat more likely that the latter set
will yield the larger gain, but there is also a significant probability
that it will yield a large-loss. Therefore, it is necessary for -
management to assess these risk profiles and evaluate the consequences
of the different possible outcomes in order to choose between two such
sets of investments.

. ‘In general, there would be many alternative sets of investments
to be'considered. In fact, with m individual investment prnposals,
therz can be as many as 2™  feasible solutions &, each with its
own*:distribution of present value. It is necessary to choose between
all-of these distributions in order to determine the best combination
of investments. Thexre usually would be far too many interestingrfom-
binations for it to be feasible for management to evaluate and compare
all of these alternatives explicitly. Therefore, what needs to be
done is to formalize management's judgment on risk tradeoffs, expressing
it quentitatively so that the selection procedure may be carried out
systematically on an electronic computer.l}/ Fortunately, utility
theory provides a relatively satisfactory way of doing just this. The

approach involves developing management's utility funection U(p),_ as

;}/ In actuality, it will be management, not a computer, that will

make the final decision. However, the computer is needed to identify
the few best alternatives that should be explicitly evaluated and
compared by management.

20
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Figure 2. Comparing sets of investments.
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illustrated in Figure 3, where U(p) is the utility if p is the
realized present value of the approved set of investments.lg/ A basic
interpretation of utility is that it measures the relative desirability
(if positive) or undesirability (if negative) of the outcome. Thus,
suppose that p = 1 corresponds to a present value of $1 (and that

the slope of U(p) remains equal to one for 0< p< 1),%2/

For any
other value of p, U(p) then converts a present value of that amount
to its equivalent worth relative to the first dollar of present value
in terms of one's willingness to expend effort and take risks to
achieve it (or to avoid it if p 1is negative).

This concept of U(p) can be made more concrete by comparing
risk-taking situations. For example, suppose that the choice is
between a very safe and a relatively risky set of investments. The
safe investments will yield a positive present value of exactly Dy-
The second set of investments would have a 50-5C chance (probability
of 1/2) of only breaking even (p = 0) or of yielding a present
value cf exactly Py Then a preference for the safe set of invest-
ments implies that % U(pg) < U(pl), whereas & preference for the
second set implies that % U(pe) > U(pl). Thus, U(pg) = 2U(pl) is
the break-even value of N (as shown in Figure 3), since then the
expected contribution to the firm's welfare (i.e., expected utility)

would be exactly the same for the two alternatives.

}g/ To fix the scale of U(p), the convention is adopted here that
this function passes through the origin with slope one.

}2/ For ease of exposition, money nften will be assumed here to be
measured in units of dollars, although another denomination of meaning-
ful size or a denomination from another monetary system could of course
be used instead.
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Figure 3. A typical utility function U(p).
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As a second example, suppose that the choice is between doing
nothing (so p = 0) or undertaking a risky set of investments that
would yield either a negative present value of exactly p_ ora
positive present va. .e of exactly P.s each with probability %-
To make this decision, management would need to analyze the risk
profile of the set of investments, and decide how the undesirability
of the loss p_ compares with the desirability of the gain P,
Approval of the investments implies that U(p+) > -U(P_), whereas
rejection implies that U(p+) < -U(p_). Thus, the value of p_ suck
that U(p,) = -U(p_) is the break-even value (as shown in Figure 3)
above which the risk of incurring the loss p_ is justified by the
largeness of this prospective gain.

Thus, the utility function U(p) merely quantifies management's
judgment on risk tradeoffs. Given this function, any decision B
can then be evaluated by calculating its expected utility, E{U(P(3))]},
where the expectation is taken with respect to the probability dis-
trioution of present value P(g). This expected value may be thought
of as the difference of two quantities, namely, a positive term
(expected positive utility) built up from the gains that may be
obtained minus an appropriate penalty for the risk of possible losses.
Hence, E{U(P(8))) 1is a valid single-valued measure of the merit of
8 that appropriately combines information about the probable gains
and the risk associated with the approved set cf investments. This
reduces the problem to determining which feasible combination of

investments maximizes expected utility, i.e.,

max E(U(P(8))}
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over all feasible solutions &. Methods for doing this will be
discussed in the next section. However, before turning to this topic,
the crucial question of how to develop the appropriate utility function
U(P) will now be considered.

Although the interpretation of U(p) was suggested above, it is
still necessary to describe just what information is needed, how to
obtain it from management in a realistic way, and how to use it to
generate U(p). To do this, two alternative models for the shape of
the utility function are developed below which require obtaining only
three relatively nontechnical decisions from management.

How should utility functions U(p) ordinarily be expected to
behave? Several characteristics suggest themselves as a starting

point for developing a model. First, U(p) should be monotone

increasing, i.e., it is always better to increase present value.
Second, since tiny changes in present value ordinarily should not
matter much, it is likely that U(p) would be continuous and possess
continuous derivatives of all orders. (The nth derivative will be
denoted here by U(n)(P)-) Third, it is plausible that U(p) would
Le a concave function, since the incremental worth of the next dollar
of present value should not increase as present value increases (i.e.,
decreasing marginal utility). Thus, recalling that U(l)(o) =1, the
marginal utility U(l)(P) would always be decreasing from one toward
zero as p increases over positive values, whereas it would always

1/

be increasing above one as p decreases over negative values,—

14 . . . .
B/ "decreasing” and "increasing" are used here in the weak sense
which also allows "remaining the same."




The next questior 1s what happens when p  becomes vary large posi-
tively or negatively. For the positive direction, does U(l)(p)
continue decreasing all the way to zero in th=s limit or does it instead
converge to some strictly positive lower bound as p increases?
Whichever the case, U(p) thereby converges to a linear asymptote

a, + blp (assuming a

1
(1)¢

, 1s finite), where b, > 0 is this lower

p). For p growing very large in the negative direc-

1)

tion instead, U( (p) may either be converging to some upper bound

bound on U

or increasing indefinitely as p decreases. In the former case,
U(p) would thereby converge to a linear asymptote ay * b2p (assuming

a, is finite) as p - - «», where the upper bound on U(l)(P) is

2
bE- For the latter possibility, U(p) would decrease with p at
an exponential rate.

Both models for U(p) have all of the properties described
above. The distinction between them lies in which possibility occurs
as p grows very large in the negative direction. Thus, the first
model (which will be called the "basic model" because of its flexi-
bility) assumes that U{p) converges to linear asymptotes in both
the negative and positive directions, &s shown in Figure 4. The
well-known class of functions having such asymptotes are the hyperbolss,
and it 1s further assumed that U{p) has precisely this algebraic
form. The parameters of the asymptotes arev 2ssumed 10 be finite, and
to satisfy the conditions, &, >0, O<b, <1, a,>0, and

1 1 2

/
b2 > 1. Becuause of the conventicn that U{0} = 0 and U\l)(O) = 1,

these paramcters are further required to satisfy the relation,




u(p)
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To interpret 1fls relation, let d uenote the number such that
&, + byP intersects the 45° line through the origin at (-d,-d),

as shown in Figure 4. Thus, a, = -d + b,d = d(b,-1). Since the

2 2
(l-bl)a2
relation can also be written as &, = -~—————, it is seen that
1 bg-x
aL = d - bld’ 30 that 4, + blp mist intersect the hSo lin- &1

(dya Therefore. the model is, in effect, defined by thr-e¢ parameters--

d, b, and b,--wher> bl(o <b, < 1) is the slope of an ssympicte

passing through {a,d)}, b,{b. > 1) 1is the slope of an asymptote

2 e

passing through -d,-a), and U(p) is the resulting hyperbola
passing through the origin with slope one.

The expression for U(p) defined by this hyperbola is derived
in the companion volume |9, pp. 37-42], and is found to be

(a, +bp) + (ay + bp) - Q
2

ui{p) =

where

, . 2 ,
Q J/lr(al bipr + {ay + bep)] - hplal +bbyp + del )

o
"

d(l - bl) ,

ol
n

d(ba -1,

In the next section, i1 al.o will be useful to know the first thr .~

derivstives of U(p), which are easily found to be

15/

=2 1nhis 1s shown ip the zompanion volume [9, p. k1),




U(l)(P) = —‘"é—-l 2 - ’2% ’

&2 . 2(v, - v,)2
U(2)(P) = L 2Q2 L ’
1 (p) = - 2u@p) Z

where
T= (b, -b )%+ (a, +8,)(by +b, - 2)
= \Dp = Oy 17 %270 T 0 ‘

Thus, in order to construct U(p) for the basic model, it is
only necessary to obtain judgment decisions from management that lead

to ectimates of d, b and b_,. The question to be considered now

1’ 2

is how to interpret each of these three parameters of the model in a
relatively nontechnical way, so that the needed information can be
obtained from management in terms meaningful to them. To this end,
note that (-d,-d) is the point in Figure 4 at which the "piece-wise
linear approximation" of U(P), (the dashed-line function in the
figure), changes from a slope of b2 to a slope of one. Hence,
roughly speaking, the additional detrimental effect of each incremental
dollar (or larger denomination) of loss is comparable to that for the
first dollar if the total loss is somewhat less than d, whereas it
is considerably more serious if the total loss is somewhat larger than
d. Thus, when examining the effect of increasingly large losses, d
is the magnitude of loss above which the situation would deteriorate
at an accelerated rate, This interpretation of d can be explained

to management in terms of the ability to absorb additional losses.

Thus, when the total loss (in present value) is relatively small, an
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widitional dollar (or another meaningfully large denomination of money )
of' loss can be absorbed almost as easily as the first one. However,
when ibe total loss is already relatively large, an additional loss
would be much more serious and difficult to absorb. What is the point
of demarcation between these two situations? How large can the loss
be vefore it has become much more difficult to absorb any additional
loss? After & suitable explanation, management's answer to this kind
of question provides the desired estimate of d.

To interpret b and b2, recall that the marginal utility (the

1

slope of U(p)) is essentially one when p is close to zero, essen-

l -~
a very large negative number. Therefore, bl and b2 essentially

measure the relative desirability of an incremental dcllar of present

tially b when v 1is very large, and essentially b2 when p 1is

value when a very large gain or loss had alieady been incurred,
measured in "equivalent dollars"” of worth correspondihg to the desira-
bility‘of gn incremental dollar when the realized present value had
been clése to zero. To make this more concrete, it is suggested that
the following hypothetical situation be posed to managemen;. Suppose
+that a projecf has already been approved (to the exclusion of all other
proposed investments) that will lead to one of two possible cutcomes.
The first possibility is that it will "break even," yielding a present
wrajue of zero. The secoind possible outcome is that the project will
"make it big," yielding a very large gain much larger than é.
Furthermore, the two outcomes are equally likely, i.e., each has a

50-50 chance of happening. Finally, a further moderating action is

available that would have the effect of muking this project less of
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an all-or-nothing proposition. In particular, if the project would
have broken ever, this action would add a gain of one unit of money
(a meaningfully large denomination) of present value. On the other
hand, if the project would have made it big, the action would decrease

the very large present value by x., units of money. Should management

1

approve this moderating action? This obviously will depend on the

size of x the price that must be paid for this "insurance." The

l’
question that needs to be answered by management is, "what is the

break-even value of x below which the action should be approved

l)
and above which it should not?" Given this break-even value, call it

xi, it is then simple to verify that “he desired estimate of bl is

Sonn sy

b, = l/x-’l(' .

To estimate Db management should consider a very similar

2)
hypothetical situation. The one difference is that, instead of

perhaps breaking even, the first possibility for the outcome of the
project is that a very large loss (d or larger) in present value
will be incurred. Nevertheless, the firm is already committed to this
project. However, a moderating action again can be undertaken now if
desired. Thus, if the very large loss would have occurred, this

egction would decrease the loss by one unit of money. As before, if

the very large gain would have been attained, the action would decrease

the gain by some amount, which will be denoted here by x The

o

corresponding question again needs to bhe answered by management,

namely, "what is the break-even value of x below which the moeder-

2,

ating action should be approved and above which it should not?"




Given the break-even value xé, the desired estimate becomes
by = xgby = xg/xxf .

The second model for U(p) differs from the above one only in
the behavior of the utility function as p grows very large in the
negative direction. Thus, rather than assuming that U(p) converges

tc a linear asymptote &, + b?p as this happens, it is instead

assumed that U(p) decreases exponentially as p - - », as shown

in Figure 5. Therefore, the algebraic form of the function is

l-bl)
p

&
U(p) = a, + b.p - aje ,

where the constants for the last term are implied by “he convention

that U(0) = 0 and U(l)(o) = 1. (As before, it is assumed that

a. > 0 and O i b

] 1 < 1.) It is then straightforward to find the

first three derivatives as

U(l)(P) =, + (1 -b)e

_‘]-bl
1-by2 “ta P
|

U(2)(p) _ _al . 1 1 ,
1
]
1-b.\3 P
U(B)(p) _ al( all) . ay _

Since the marginal utility (or marginal negative utility for p
decreasing) U(l)(P) increases indefinitely as p - - » rather than

approaching a constant, this model exhibits an even greater aversion
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Figure 5. The high risk aversion model for U(p).
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to very large losses than the basic modeli. Therefore, it will be
referred *to hereafter as the "high risk aversion" model.
Just as for the basic model, the high risk aversion model can

also be expressed in terms of the three parameters, d, b andg b2,

l,
although their precise meaning is somewhat different here. From a
mathematical viewpoint, - now is a somewhat arbitrary large constant

(although its interpretation from management's viewpoint is similar

to before). b, 1is the slope of the asymptote a

1 + byp which U(p)

1
converges to as p —~ + =, just as before, but b, now is defined
[ 4

&s

the marginal utility at a2 loss in present value of d. Therefore,

so that

- 1 -
£n ———-——b2 bl = bl d
1-0b,f a ’

1

where £n denotes the logarithm to the base e. Letting X denote

| b, - b
‘ k = 1/£n(—‘ l) ’

L - bl

a, thereby becomes
£

Ml




Hence, the asymptote a_ + blp must intersect the 45° line through

1
the origin at (kd,kd), as shown in Figure 5.

From the viewpoint of management, the interpretation of the judg-
1? and be is

essentially the same as for the basic model. Thus, d may be inter-

ment decisions required in order to estimate 4, b

preted to management just as before, especially if it is not clear at
the outset which of the two models is appropriate. 1f it is &lready
apparent that the high risk aversion model should be used, then there

is some additional flexibility in how the question may be posed. TFor
cxample, d may be interpreted simply as a "very large loss" above
which the situation would be deteriorating disastrously. Since d

is oniy a convenient benchmark value for this model, the important
consideration is that it represent & magnitude of loss that is mean-
ingful to management for measuring its aversion to risk (in the process
of estimating bg). The approach to estimating bl should be precisely
the same as for the basic model. The approach for b2 also should

be the same with the one exception that the unfavorable possible outcome
from the hypothetical project must now be & loss of d, rather than

any very large loss (d or larger) as before.

Since the difference between the two models is in the behavior of
U‘L>(p) (which can also bz interpreted as the rate of increase of
nvgative utility when p is decreasing) as p - - », the choice
between them would be based on an analysis of this behavior. Thus,
if there exists a real disaster level where further losses cannot be
avsorbed reasonably, so that increasing the loss ahove this level

increases the damage (negative utility) at an exponential rate, then
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the high risk aversion model should be used. On the other hand, if
very large possible losses could be absorbed (albeit reluctantly), so
that increasing such a loss even further would increase the detrimental
effect at u nearly constant rate, then the basic model should be used.
This would presumedly be the case if the total commitment for the
proposed investments would be -quite small relative to the corporate
resources. . If it is not clear which case applies, then management's
attitude can be assessed in the process of obtaining the judgment
decision leading to the estimate of b2. In particular, after the
hypothetical situation has been posed in terms of the two possible”
outcomes (é very large loss d or a very large gain), and the decision
on xg has been reached, then management should be asked if their
answer would change much if the size of the loss for the first possible
outcome were increased significantly. An answer of yes would suggest
that U(l)(p) is continuing to ‘grow substantially as p grows very
large in the negative direction, .so the high risk aversion model should
-be. chosen. An answef:Qf.no.would suggest that U(l)(P) is approaching
a constant;as.‘p -+ - @, so the basic model would be the appropriate

one.

L, Finding the Best Combinﬁtion of Investments

Section 2Idév§loped a médei fof éonsidering interrelationships
between investments that allows ohé to identify the probability dis-
tribution oflﬁrééeht:valué P(éj for given feasible soiutions 5.
In particular, expreséibné %eiévobtaidéd for the mean u(g) and

variance o°(8) of this distribution, and it was indicated that the

functional form of the-distribution would be at least approximately
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normal under certain conditions. Section 3 then deseribed how to :'
construct an appropriate utility function U(p) (as a funCtiéﬁ'éf"ff]?;i'
the realized present value p) which formally quantifies mﬁhégemeht;ﬁ';
Jjudgment on risk tradeoffs. This reduced the problemvunder considér;‘

ation to that of determining which feasible combination of investments

maximizes expected utility, i.e.,
max E{U(P(5)))}

over all feasible solutions 8. What remains now is to indicate how
E(U(P(8)))} can be calculated for a given &, and then what solution
procedures cen be used to find the particular feasible 3 which
maximizes this quantity.

Under most circumstances, finding the exact value of E{U(P(8)))
is not a straightforward task, since this requires calculating the
expected value of a rather complicated function u(*) ofa randbm
variable P(8) having perhaps a very complex probability distribution.
However, one exception is when P(g) has a normal distribution and
U(p) has the form described by the high risk aversion model. For
this case, the expected utility is found in the companion volume

(9, p. 43] to be

1-b

1-b 2
(—l- u<§>+( . l) o*(8)/2
1 1

+ blu(é) - &le p)

E(U(P(3))} = a;

where al and bl are defined in the preceding section. In most
other cases, it is necessary to develop an approximation of E(U(P(8))}.

As shown in [9, pp. 35-37], this can be done very easily by using a
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Taylor series expansion and ignoring terms above the second-order,lé/
which yields

U(e)(u(_fg))

2
5 o= (8) .

E{U(P(8))} =~ u(u(d)) +

This app;oximation is & very convenient one since it only requires
knowing the mean and variance of P(8), the utility function U(p),
and its second derivative U(2)(p), all of which have already been
identified for the models considered here. The effect of using the
approximation is investigated at the end of the next section.

Two solution procedures for seeking the optimal solution (i.e.,
the & corresponding to the best combination of investments) with
respect to the model are deve